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New materials such as nodal-line semimetals offer a unique setting for novel transport phenomena.
Here, we calculate the quantum correction to conductivity in a disordered nodal-line semimetal. The
torus-shaped Fermi surface and encircled pi Berry flux carried by the nodal loop result in a fascinating
interplay between the effective dimensionality of electron diffusion and band topology, which depends
on the scattering range of the impurity potential relative to the size of the nodal loop. For a
short-range impurity potential, backscattering is dominated by the interference paths that do not
encircle the nodal loop, yielding a 3D weak localization effect. In contrast, for a long-range impurity
potential, the electrons effectively diffuse in various 2D planes and the backscattering is dominated
by the interference paths that encircle the nodal loop. The latter, leads to weak antilocalization with
a 2D scaling law. Our results are consistent with symmetry consideration, where the two regimes
correspond to the orthogonal and symplectic classes, respectively. Furthermore, we present weak-
field magnetoconductivity calculations at low temperatures for realistic experimental parameters,
and predict that clear scaling signatures ∝ √B and ∝ − lnB, respectively. The crossover between
the 3D weak localization and 2D weak antilocalization can be probed by tuning the Fermi energy,
giving a unique transport signature of the nodal-line semimetal.
The transport properties of materials can be well-
approximated by taking into account conduction elec-
trons moving in the presence of a periodic crystalline
structure and using Bloch’s theory. In the presence of
strong disorder, however, this description breaks down
and the electrons can localize, leading to Anderson in-
sulators [1]. In fact, even weak disorder is sufficient to
drive the electronic motion into the so-called quantum
diffusive regime, resulting in weak localization (WL) [2],
which is a precursor of the Anderson localization. WL
is a quantum-mechanical effect where constructive inter-
ference between disorder-induced scattering events leads
to increased backscattering. The inevitable presence of
impurities in materials makes WL effects prominent in
experiments, and has become the standard method used
for measuring the phase coherence length, as well as its
temperature dependence [3].
The WL quantum correction depends strongly on the
specifics of the electronic system: (i) depending on the di-
mensionality of the system, the WL correction scales dif-
ferently with the system size [2]; (ii) considering the sym-
metry class of the system in terms of time-reversal and
spin-rotational symmetries, disorder can result in both
WL and weak antilocalization (WAL) [4, 5]; and (iii) the
geometrical and topological properties of the electronic
bandstructure [6–8], can also lead to WAL [9–15]. A
paradigmatic example of the latter is graphene, where
the pi Berry phase of the Dirac fermion changes the WL
constructive interference into a WAL destructive one [16].
Interestingly, in the study of WL, the Fermi surface of the
physical system is commonly taken to be a hypersphere
and the effects of dimensionality and band topology are
unrelated.
Relatively new members to the topological phases
of matter paradigm are nodal-line semimetals [17–35].
These 3D materials are characterized by bands that
cross along closed loops that carry a pi Berry flux [17].
A variety of candidates for nodal-line semimetals have
been reported [18–24, 26–31], and their experimental
characterization has seen recent progress using ARPES
[31, 36–39] and quantum oscillation [40–44] measure-
ments, alongside proposals for mesoscopic transport de-
tection schemes [45]. In most nodal-line semimetals, the
Fermi energy is lifted from the nodal line thus forming a
torus-shaped Fermi surface that encircles the nodal line
and its associated pi Berry flux [46], see Fig. 1(a).
In this Letter, we analyze WL in nodal-line semimetals
and find an interesting interplay between the dimension-
ality of diffusion and the band topology. We consider two
types of disorder with either short-range (SR) or long-
range (LR) impurity potentials relative to the size of the
nodal loop. In the SR limit, the so-called white-noise
disorder-induced scattering equally couples all states on
the Fermi surface, and WL backscattering is dominated
by interference along the toroidal direction, see Fig. 1(c).
Such an interference loop does not encircle the nodal
line and its associated pi Berry flux. Correspondingly,
the electrons diffuse in the full 3D phase-space resulting
in 3D WL, similarly to anisotropic conventional metals.
The LR limit, can occur due to unconventional screening
effects [47]. Here, backscattering is dominated by inter-
ference along the poloidal direction in reciprocal space
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FIG. 1. Backscattering processes in nodal-line semimetals.
(a) Torus-shaped Fermi surface of nodal-line semimetals, with
major radius k0, minor radius κ, toroidal angle θ, and poloidal
angle ϕ. (b) The real-space range of the impurity potentials
results in 3D and 2D diffusion behaviors, for short-range and
long-range impurities, respectively. (c) A coherent backscat-
tering from wavevector k to −k around the toroidal direction
is possible for short-ranged impurity potentials via interme-
diate states (k1,k2, ...kn) and its time-reversed counterpart
(−kn,−kn−1, ... − k1). In the circular inset, blue and red
arrows depict that the net spinor rotation around the inter-
ference path is zero. (d) Backscattering from wavevector δk
to −δk along the poloidal direction is the dominant process
under long-ranged impurity potentials. Here, the net spinor
rotation is 2pi, contributing a pi Berry phase to backscaterring,
and results in weak antilocalization.
that encircles the nodal line, see Fig. 1(d). As a result,
we predict that a WAL correction will occur. Impor-
tantly, despite the 3D nature of the system, the WAL
correction shows a 2D scaling behavior. In the LR sce-
nario, the WAL conductivity correction is proportional
to the circumference of the nodal line, or equivalently,
to the number of 2D diffusion planes. We discuss possi-
ble detection of our prediction using magnetoconductiv-
ity experiments, in which tuning the Fermi energy can
induce a crossover between the 3D WL and 2D WAL.
Nodal-line semimetals can be generally described by
an effective two-band model
H = ~λ(k2x + k2y − k20)τx + ~vkzτy , (1)
where τx,y are the Pauli matrices corresponding to the
two-band pseudo-spin space and the two bands cross at
k2x + k
2
y = k
2
0, kz = 0, and define a nodal loop. For a
Fermi energy that satisfies EF  ~λk20, the Hamiltonian
(1) can be linearized and parametrized to the simple form
H = ~v0κ(cosϕτx + sinϕτy) (2)
through the substitution kx = (k0 + κ cosϕ) cos θ, ky =
(k0 + κ cosϕ) sin θ, kz = κ sinϕ/α, with v0 = 2λk0, and
α = v/v0 the ratio between the velocity along the z-
direction and the velocity in the x − y plane. The
parameters κ, θ, ϕ are labeled in Fig. 1(a). For the
purposes of this work, we assume that EF intersects
with the conduction band, and solely include it in the
analysis below. The dispersion of the conduction band
is εk = ~v0κ and its corresponding wavefunction is
ψk(r) = [1, e
iϕ]T eik·r/
√
2V , with V the volume of the
system. The density of states at the Fermi energy is
ρ0 = KEF /(αh2v20), which is proportional to the circum-
ference K = 2pik0 of the nodal loop.
The nodal-line semimetal possesses two types of antiu-
nitary symmetries T1 = K and T2 = iτyK with K the
complex conjugation, such that
T1H(k)T −11 = H(−k), (3a)
T2H(δk)T −12 = H(−δk), (3b)
where the small momentum δk = κ(cosϕ, sinϕ/α) is de-
fined in a local poloidal plane in momentum space de-
noted by the toroidal angle θ, see Fig. 1(a). Note that T1
is the spinless time-reversal symmetry while T2 is a local
antiunitary symmetry containing a pseudo-spin inversion
in the two-band space. The latter can be regarded as the
spinful time-reversal symmetry for the 2D subsystem de-
fined by θ, see Fig. 1(b). According to symmetry classifi-
cation, T1 and T2 belong to the orthogonal and symplectic
classes, respectively [4, 5]. Hence, they respectively lead
to WL and WAL depending on which physical process
dominates the backscattering [cf. Figs. 1(c) and 1(d)].
The dominant process that leads to backscattering is
determined by the type of disorder, and by the size of
the nodal loop. The disorder potential is expressed by
U(r) =
∑
j U(r−Rj), where Rj are the positions of the
randomly distributed impurities. Without loss of gen-
erality, we set the uniform background of the impurity
potential to zero, 〈U(r)〉imp = 0, where 〈· · · 〉imp denotes
averaging over impurity configurations. Commonly, the
white-noise disorder (SR limit) is considered, i.e., an
impurity-potential with constant scattering-strength in
reciprocal space [2]. Here, we investigate a more general
case where 〈U(k)U(−k′)〉imp = (2pi)3ni|uk|2δ(k − k′)
with U(k) [uk] the Fourier component of U(r) [U(r)],
and ni the concentration of the impurities. Associat-
ing a finite scattering-range to the impurities, rsc, re-
sults in a confinement of the allowed scattering processes
in reciprocal space. We consider EF sufficiently low
such that k0  1/rsc  κ, and therefore the scattering
strength between different k states can be well character-
ized solely by θ. For simplicity, we further assume that
uk = u(θ) = u0f∆(θ) with f∆(x) = Θ(x+∆)Θ(−x+∆),
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FIG. 2. Relevant Feynman diagrams. (a) Leading diagrams
contributing to the quantum interference correction to con-
ductivity, containing one bare and two dressed Hikami boxes,
cf. Eq. (4) and Ref. [3]. The arrowed solid and dashed lines
represent Green’s functions and impurity scattering, respec-
tively. The gray box marks the Cooperon ladder propagator.
(b) Ladder diagram vertex correction to the velocity. (c) Dia-
grammatic representation of the Bethe-Salpeter equation for
the Cooperon correction.
and Θ(x) the Heaviside step function. This choice of po-
tential yields the SR limit when ∆ = pi, whereas the LR
limit corresponds to ∆→ 0.
We calculate the semiclassical Drude conductivity and
obtain a standard 3D metal expression [48]. Further-
more, we derive the quantum interference correction
along the z-axis using Feynman diagrams [49], see Fig.
2(a). In our calculation, we include the three leading-
order diagrams, namely, the bare Hikami box [5], and
two dressed Hikami boxes [10, 50]. The latter two jointly
contribute -1/2 the correction of the former for both the
SR and LR limits [48], similar to the case in graphene
[10]. Thus, the overall quantum correction to the zero-
temperature conductivity is [3]
σz = sη
2
z
e2~
4piV 2
∑
k,k′
vzkv
z
k′G
R
kG
A
kG
R
k′G
A
k′Ck,k′ , (4)
where s = 2 accounts for the spin degeneracy, ηz = 2
is the factor coming from the vertex correction to the
velocity vzk [cf. Fig. 2(b) and Ref. [48]]. The impurity-
averaged retarded (R) and advanced (A) Green’s func-
tions are solved under the first-order Born approxi-
mation, GR,Ak (ω) = 1/[ω − εk ± i~/(2τe)], with the
elastic scattering time τe = 2~/(niρ0u˜2), and u˜2 =∫ 2pi
0
dθ|u(θ)|2 [48]. Last, Ck,k′ is the full Cooperon sat-
isfying the Bethe-Salpeter equation for the ladder of
maximally-crossed diagrams [3], see Fig. 2(c).
As a function of the impurity potential different in-
terference loops are available in reciprocal space, see
Figs. 1(c) and 1(d). Correspondingly, the Bethe-Salpeter
equation for the Cooperon will be dominated by dif-
ferent processes. In the SR limit ∆ = pi, the ma-
jority of backscattering trajectories come in pairs via
the intermediate states (k1,k2, ...kn) and their time-
reversed counterpart (−kn,−kn−1, ... − k1), as imposed
by T1. Importantly, these trajectories do not encircle the
nodal line. The corresponding Bethe-Salpeter equation
is Ck,k′ = C
0
k,k′ +
1
V
∑
k1
Ck,k1G
R
k1
GAQ−k1C
0
k1,k′ , where
the bare Cooperon is C0k,k′ = 〈U˜k,k′U˜−k,−k′〉imp/V =
γ cos2 ϕ−ϕ
′
2 , with γ = niu
2
0, the momentum Q = k + k
′,
and U˜k,k′ = 〈ψk(r)|U(r)|ψk′(r)〉. Solving the Bethe-
Salpeter equations self-consistently and keeping the most
divergent contributions for Q→ 0 yields in the DC-limit
(ω → 0) [48]
Ck,k′ =
γ
2τe
1
DxyQ2xy +DzQ
2
z
, (5)
where Qxy =
√
Q2x +Q
2
y, and Dxy = v
2
0τe/4, Dz =
α2v20τe are diffusion coefficients in the x − y plane and
z-direction, respectively. We obtain that the Cooperon
in the SR limit (5) shows a 3D WL behavior similar to
an anisotropic normal metal [3].
In the LR limit ∆ → 0, the aforementioned
backscattering channel is suppressed and the quan-
tum correction is dominated by interference trajec-
tories (δk1, δk2, ...δkn) and (−δkn,−δkn−1, ... − δk1),
which are paired by the T2 symmetry and form
a small loop that encircles the nodal line. In
this case, the iterative equation becomes Cδk,δk′ =
C0δk,δk′ +
1
V
∑
δk1
Cδk,δk1G
R
δk1
GAq−δk1C
0
δk1,δk′ , with the
bare Cooperon C0δk,δk′ = 〈U˜δk,δk′U˜−δk,−δk′〉imp/V =
(γ/4)f∆(θ−θ′)
[
1+2e−i(ϕ−ϕ
′) +e−2i(ϕ−ϕ
′)
]
and momen-
tum q = δk + δk′ measured from the nodal line in the
plane labeled by θ. Solving the Bethe-Salpeter equations
in this case for q → 0 yields in the DC-limit [48]
Cδk,δk′ =
γ
2τe
f∆(θ − θ′)e−i(ϕ−ϕ′)
4Dxyq2xy cos
2(θq − θ) +Dzq2z
, (6)
where qxy =
√
q2x + q
2
y. The scattering here always oc-
curs accompanied with a spin rotation [see Fig. 1(d)],
which is the source of the additional geometric phase
e−i(ϕ−ϕ
′). This geometrical phase leads to the suppres-
sion of backscattering (ϕ−ϕ′ = pi) and to WAL [9]. The
result (S.25) contains two θ-dependent factors. Hence,
for ∆ → 0 and through f∆(θ − θ′), the scattering oc-
curs between states that lie in the same poloidal plane.
Conjointly, the divergent term cos2(θq−θ) vanishes when
θq−θ = pi/2, thus implying that diffusion cannot happen
in the direction perpendicular to the θ plane. Combin-
ing the above observations, we can reach the intriguing
conclusion that in the LR limit electrons exhibit a 2D
quantum diffusion [cf. Fig. 1(b)].
Inserting the Cooperon expressions into Eq. (4), we
obtain the correction to the conductivity in both the SR
4and LR limits [48]
σSz = −
sη2zαe
2
2pi2h
(
1
`e
− 1
`φ
), (7a)
σLz =
sη2zKαe2
2(2pi)2h
ln(`φ/`e), (7b)
respectively. Here, `e = v0τe is the mean free path, and
`φ is the phase coherence length [51]. In the SR limit,
a 3D scaling is obtained for the quantum correction and
the overall minus sign indicates WL. In contrast, the LR
correction is positive (WAL) and has a 2D scaling law.
The prefactor K in σLz ensures the unit of 3D conductivity
and also enhances the WAL correction contributed by a
large number of 2D diffusion planes. Due to the different
dimensionality of the scaling, σSz will saturate as `φ →∞;
in contrast, σLz always increases as ln(`φ/`e) due to the
2D diffusion.
The disorder-induced quantum correction to conduc-
tivity is suppressed by magnetic field induced dephas-
ing [3]. This allows one to experimentally observe the WL
and WAL corrections using magnetoconductivity mea-
surements. To calculate the impact of the magnetic
field, we impose a quantization condition to the com-
ponent of Q, q perpendicular to the magnetic field, i.e.,
Q⊥, q⊥ = (n+ 1/2)(4eB/~) ≡ (n+ 1/2)/`2B , where `B is
the magnetic length. In the SR regime, since the diffu-
sion is 3D, the magnetic field along any direction will lead
to dephasing; here we set it to the z-direction. For the
LR regime, electrons move in different planes parallel to
the z-axis. Thus, a magnetic field along the z-direction
cannot lead to dephasing and we align it along the x-
direction. We substitute the quantized values of Q⊥, q⊥
into the Cooperon [Eq. (4)] and obtain the resulting mag-
netoconductivity δσS,L(B) ≡ σS,Lz (B)− σS,Lz (0), with
σSz (B) = −
sη2zαe
2
(2pi)2h
[
Ψ(`2B/`
2
e +
1
2
)/`e −Ψ(`2B/`2φ +
1
2
)/`φ
−
∫ 1/`e
1/`φ
dxΨ(`2Bx
2 +
1
2
)
]
, (8a)
σLz (B) =
sη2zKαe2
16pi2h
∫ 2pi
0
dθ
2pi
[
Ψ(
`2B
`2eα| sin θ|
+
1
2
)
−Ψ( `
2
B
`2φα| sin θ|
+
1
2
)
]
, (8b)
where Ψ(x) is the digamma function [48]. In the zero-
field limit B → 0, the results in Eqs. (8) reduce to that
of Eqs. (S.66). The average integral over θ in Eq. (8b)
arises from the fact that electrons in different diffusion
planes feel different magnetic fields perpendicular to the
respective plane.
In Fig. 3, we plot our magnetoconductivity predic-
tions [Eqs. (8)], where the integrals are evaluated nu-
merically. The WL effect in the SR regime leads to a
positive magnetoconductivity [Fig. 3(a)], while the WAL
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FIG. 3. The magnetoconductivity δσz(B) in the (a) SR limit
[cf. Eq. (8a)] and (b) LR limit [cf. Eq. (8b)] for different phase
coherence lengths `φ. The mean free path is set to `e = 10nm.
The magnetic length is taken to be `B ' 12.8nm/
√
B with B
in Tesla. In (b) K = 50nm−1 and α = 5 are used.
effect in the LR regime is revealed by negative magneto-
conductivity [Fig. 3(b)]. We plot the results for various
values of `φ, which can be tuned by the temperature of
the experiment. At low temperatures, `φ  `B since
`φ ∼ 100nm− 1µm and `B ∼ 10nm when B ∼ 0.1− 1T.
The magnetoconductivity in the two scenarios exhibit a
different B-dependence at low temperatures. Specifically,
δσSz (B) ∝
√
B in the SR regime and δσLz (B) ∝ − lnB
in the LR regime, see fitted dashed lines in Fig. 3. Im-
portantly, the lnB dependence in the LR limit agrees
with our 2D diffusion prediction [2], which occurs in a
3D system. Usually, 2D diffusion results in a much larger
WL/WAL effect than in 3D diffusion. Moreover, the 3D
nature of the nodal-line semimetal contains a large num-
ber of 2D effective subsystems, which also significantly
enhance the magnetoconductivity [52]. Indeed, we ob-
serve in Fig. 3 that for reasonable physical parameters,
δσLz (B) is three orders larger than δσ
S
z (B), indicating a
very strong signature of WAL in the LR regime.
Our analysis provides a concrete prediction for the im-
pact of weak disorder on transport in nodal-line semimet-
als. Current experiments are focused on quantum oscil-
lations in a strong magnetic field [41, 42, 53–58], and no
WL study on nodal-line semimetals has been reported so
far. Our predicted two limits leading to 3D WL and 2D
WAL will manifest differently depending on the type of
impurity potentials in the material, and relative to the
size of the nodal loop. In real nodal-line semimetals, the
impurity potential is predicted to be of LR-type due to
unconventional screening effects [47]. Local scattering in
the reciprocal space that leads to WAL is well-defined
only when κ  k0 [cf. Fig. 1(a)]. Otherwise, if κ and
k0 are of the same order, the two kinds of backscattering
will coexist (due to toroidal and poloidal interference tra-
jectories), and hence 3D WL will dominate the transport
which stems from the larger 3D phase space for scattering
along the toroidal direction. As a result, a large nodal
loop and a low Fermi energy EF above the nodal loop
5is favorable for 2D WAL. As EF increases, κ increases,
and WL will overcome WAL. Furthermore, by increasing
EF , the Fermi surface and the WAL interference loop
[Fig. 1(d)] may undergo various warping, similar to the
trigonal warping in graphene [10], thus breaking the T2
symmetry, and further suppressing the 2D WAL. Nev-
ertheless, as long as the warping does not break time
reversal symmetry T1, the 3D WL will survive. Conse-
quently, we predict a crossover from 2D WAL to 3D WL
to occur by tuning EF , e.g., by doping or gate tuning
on a thin-film sample. This is a unique effect arising
from the torus-shaped Fermi surface and the Berry flux
in nodal-line semimetals.
Extending our reported analysis to include the effects
of spin-orbit coupling, electron-electron interaction, tilt-
ing of the nodal line, and Berry curvature can lead to
a wide-range of interesting results [48]. Furthermore,
recent experimental progress on WAL effect in nodal
line semimetal has been reported [59], which may be ex-
plained by our theory.
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Elastic scattering time under first-order Born approximation
Under the first-order Born approximation, the self-energy is calculated through
Σk =
1
V 2
∑
k1
GR0,k1〈U˜k,k1U˜k1,k〉imp, (S.1)
where GR0,k1 = 1/(ω − εk1 + i0+) is the bare retarded Green’s function and U˜k,k1 = 〈ψk(r)|U(r)|ψk1(r)〉. A direct
calculation yields
Σk =
ni
V
∑
k1
|uk−k1 |2
ω − εk1 + i0+
cos2
ϕ− ϕ1
2
=
ni
(2pi)3α
∫
dθ1
∫
dϕ1
∫
dκ1κ1(k0 + κ1 cosϕ1)
|uk−k1 |2
ω − εk1 + i0+
cos2
ϕ− ϕ1
2
'
(κ1k0)
ni
(2pi)3α
∫
dθ1
∫
dϕ1
∫
dκ1κ1k0
|uk−k1 |2
ω − εk1 + i0+
cos2
ϕ− ϕ1
2
=
nipik0
(2pi)3α
∫
dθ1|u(θ − θ1)|2
∫
dκ1κ1
1
ω − εk1 + i0+
=
nipi
(2pi)2
∫ 2pi
0
dθ1|u(θ − θ1)|2
∫
dε1
ρ(ε1)
ω − ε1 + i0+
= −i1
4
niρ(ω)u˜
2,
(S.2)
where ρ(ω) is the density of states which is set to the value ρ0 at the Fermi energy, u˜
2 =
∫ 2pi
0
dθ|u(θ)|2. With the
self-energy, we obtain the full Green’s function
GR,Ak (ω) =
1
ω − εk ± i~/(2τe) , (S.3)
with the elastic scattering time τe = 2~/(niρ0u˜2).
Vertex correction to velocity
The group velocities of electrons in the nodal-line semimetal in each of the three directions are vxk =
v0 cosϕ cos θ, v
y
k = v0 cosϕ sin θ, and v
z
k = αv0 sinϕ, where θ is the toroidal angle, and ϕ the poloidal angle, cf. Fig. 1
in the main text. Here, we focus on transport along the z-direction. The renormalized velocity v˜zk can be calculated
through an iterative equation that can be read off from Fig. 2(b) in the main text as
v˜zk = v
z
k +
1
V
∑
k′
Γ0k,k′G
R
k′G
A
k′ v˜
z
k′ , (S.4)
where Γ0k,k′ = ni|u(θ − θ′)|2 cos2 ϕ−ϕ
′
2 is the bare Diffuson.
8We use the trial function v˜zk = ηzv
z
k to obtain
ηz − 1
ηz
sinϕ =
1
V
∑
k′
Γ0k,k′G
R
k′G
A
k′ sinϕ
′
=
∫
dθ′
2pi
∫
dϕ′
2pi
∫
dε′ρ(ε′)
1
ω − ε′ + i ~2τe
1
ω − ε′ − i ~2τe
ni|u(θ − θ′)|2 cos2 ϕ− ϕ
′
2
sinϕ′
' ρ0
∫
dθ′
2pi
∫
dϕ′
2pi
∫
dε′
1
ω − ε′ + i ~2τe
1
ω − ε′ − i ~2τe
ni|u(θ − θ′)|2 cos2 ϕ− ϕ
′
2
sinϕ′
=
2piniu
2
0τeρ0
~
∫
dθ′
2pi
∫
dϕ′
2pi
f∆(θ − θ′) cos2 ϕ− ϕ
′
2
sinϕ′
=
2∆niu
2
0τeρ0
~
∫
dϕ′
2pi
cos2
ϕ− ϕ′
2
sinϕ′ =
1
2
sinϕ ,
(S.5)
where we approximated the density of states to be energy-independent in the vicinity of the Fermi energy. Through
this analysis, we can conclude that the correction to the velocity in the z-direction is ηz = 2, i.e., it is the same as
that for graphene. This correction is the same for both the SR and LR limits because τe also depends on ∆.
Drude conductivity
The semiclassical (Drude) conductivity in the z-direction can be written as
σDrudez = s
e2~
2piV
∑
k
v˜zkv
z
kG
R
kG
A
k , (S.6)
and a direct calculation yields
σDrudez = sηz
e2~
2pi
α2v20
∫
dθ
2pi
∫
dϕ
2pi
sin2 ϕ
∫
ρ(ε)dε
1
EF − ε+ i ~2τe
1
EF − ε− i ~2τe
=
sηz
2
e2ρ0Dz = 2e
2ρ0Dz,
(S.7)
where Dz = α
2v20τe. We obtain a similar result to that of 3D metals, and recall that the Drude conductivity does not
respond to weak magnetic fields.
Cooperon in the SR limit
In the SR limit, the bare Cooperon reads
C0k,k′ =
1
V
〈U˜k,k′U˜−k,−k′〉imp = γ cos2 ϕ− ϕ
′
2
, (S.8)
with γ = niu
2
0. The Bethe-Salpeter equation for the full Cooperon Ck,k′ is [cf. Fig. 2(c) in the main text]
Ck,k′ = C
0
k,k′ +
1
V
∑
k1
Ck,k1G
R
k1G
A
Q−k1C
0
k1,k′ , (S.9)
where Q = k + k′. Transferring the summation over k1 into an integral over (ε1, θ1, ϕ1) yields
Ck,k′ = C
0
k,k′ + ρ0
∫
dθ1
2pi
∫
dϕ1
2pi
∫
dε1Ck,k1G
R
k1G
A
Q−k1C
0
k1,k′
= C0k,k′ + ρ0
∫
dθ1
2pi
∫
dϕ1
2pi
Ck,k1C
0
k1,k′
∫
dε1G
R
k1+QG
A
k1
= C0k,k′ +
2piτeρ0
~
∫
dθ1
2pi
∫
dϕ1
2pi
Ck,k1C
0
k1,k′
1
1− iωτe/~ + iv1 ·Qτe .
(S.10)
9In the diffusive limit, Q`e  1, ωτe  1, We can expand Eq. (S.10)
Ck,k′ ' C0k,k′+
2piτeρ0
~
∫
dθ1
2pi
∫
dϕ1
2pi
Ck,k1C
0
k1,k′
[
(1+ iωτe/~−ω2τ2e /~2)+(2ωτ2e /~− iτe)v1 ·Q−τ2e (v1 ·Q)2
]
, (S.11)
and rewrite the resulting expression in the following form
Ck,k′ = C
0
k,k′ +
2piτeρ0
~
∫
dθ1
2pi
∫
dϕ1
2pi
Ck,k1C
0
k1,k′χ(θ1, ϕ1,Q) , (S.12)
with
χ(θ1, ϕ1,Q) =f1 + f2
(
cosϕ1 cos(θ1 − θQ)Qxy + α sinϕ1Qz
)
(S.13)
+ f3
(
cosϕ1 cos(θ1 − θQ)Qxy + α sinϕ1Qz
)2
,
and
f1 = 1 + iωτe/~− ω2τ2e /~2; f2 = (2ωτ2e /~− iτe)v0; f3 = −τ2e v20 ;
θQ = tan
−1(Qy/Qx); Qxy =
√
Q2x +Q
2
y ,
(S.14)
where v0 the magnitude, θ1 is the toroidal angle, and ϕ1 the poloidal angle of v1.
Considering that the bare Cooperon depends solely on ϕ and ϕ′, we postulate that the general form of the full
Cooperon can be expressed as Ck,k′ = γζ(ϕ,ϕ
′) with
ζ(ϕ,ϕ′) = a0 + a1 cosϕ+ a2 cosϕ′ + a3 sinϕ+ a4 sinϕ′
+ a5 cosϕ cosϕ
′ + a6 sinϕ sinϕ′ + a7 cosϕ sinϕ′ + a8 sinϕ cosϕ′ ,
(S.15)
and ai being arbitrary parameters.
Inserting the general form of Ck,k′ into Eq. (S.12), the Cooperon’s iterative equation reduces to
ζ(ϕ,ϕ′) = cos2
ϕ− ϕ′
2
+ 2
∫
dθ1
2pi
∫
dϕ1
2pi
ζ(ϕ,ϕ1) cos
2 ϕ1 − ϕ′
2
χ(θ1, ϕ1,Q) , (S.16)
where in the SR limit we have used τeρ0 = ~/(piγ). Solving Eq. (S.16), we obtain expressions for all of the ai
coefficients, where the most divergent contribution in the limit Q→ 0, ω → 0 is
a0 =
1
2
1
v20Q
2
xyτ
2
e /4 + α
2v20Q
2
zτ
2
e
, (S.17)
and we obtain the full Cooperon in the SR limit [cf. Eq. (5) in the main text]
Ck,k′ =
γ
2τe
1
DxyQ2xy +DzQ
2
z
, (S.18)
with Dxy = v
2
0τe/4.
Cooperon in the LR limit
In the LR limit, ∆→ 0, the backscattering from k to −k cannot be achieved. Instead, we consider the interference
loop along the poloidal direction of the Fermi surface, see Fig. 1(d) in the main text. We introduce the local momentum
δk = κ(cosϕ, sinϕ/α) defined in a local plane in the reciprocal space denoted by θ. The in-plane backscattering is
δk→ −δk, or equivalently, θ → θ, ϕ→ ϕ+ pi. The bare Cooperon is
C0δk,δk′ =
1
V
〈U˜δk,δk′U˜−δk,−δk′〉imp = γf∆(θ − θ′)1
4
[
1 + 2e−i(ϕ−ϕ
′) + e−2i(ϕ−ϕ
′)] . (S.19)
The Bethe-Salpeter equation for the full Cooperon Cδk,δk′ is
Cδk,δk′ = C
0
δk,δk′ +
1
V
∑
δk1
Cδk,δk1G
R
δk1G
A
q−δk1C
0
δk1,δk′ , (S.20)
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with q = δk + δk′. Note that the summation over δk1 still means the summation over all k1 states, since all states
in the 3D reciprocal space contribute to the Cooperon. Performing the integral over ε1 we obtain
Cδk,δk′ = C
0
δk,δk′ +
2piτeρ0
~
∫
dθ1
2pi
∫
dϕ1
2pi
Cδk,δk1C
0
δk1,δk′χ(θ1, ϕ1, q)
χ(θ1, ϕ1, q) = f1 + f2
(
cosϕ1 cos(θ1 − θq)qxy + α sinϕ1qz
)
+ f3
(
cosϕ1 cos(θ1 − θq)qxy + α sinϕ1qz
)2
θq = tan
−1(qy/qx), qxy =
√
q2x + q
2
y ,
(S.21)
which resembles the SR-limit result [Eq. (S.12)].
Now, the paired interference paths are local in the reciprocal space, lying in various 2D planes. The bare Cooperon
contains the term f∆(θ− θ′), confining the initial and final states to the phase space |θ− θ′| < ∆. In the limit ∆→ 0,
it is reasonable to assume that for the full Cooperon, the scattering also occurs within the same phase space. So we
postulate that the full Cooperon takes the general form of Cδk,δk′ = γf∆(θ − θ′)ξ(ϕ,ϕ′), with
ξ(ϕ,ϕ′) = b0 + b1e−iϕ + b2eiϕ
′
+ b3e
−2iϕ + b4e2iϕ
′
+ b5e
−i(ϕ−ϕ′) + b6e−iϕ+2iϕ
′
+ b7e
−2iϕ+iϕ′ + b8e−2i(ϕ−ϕ
′) ,
(S.22)
with bi the parameters. Inserting the general form Cδk,δk′ into Eq. (S.21), and making the approximation f∆(θ −
θ1)f∆(θ1 − θ′) ' f∆(θ − θ′)f∆(θ1 − θ) for ∆→ 0, the iterative equation for θ = 0 reduces to
ξ(ϕ,ϕ′) =
1
4
[
1 + 2e−i(ϕ−ϕ
′) + e−2i(ϕ−ϕ
′)]
+
2pi
∆
∫ ∆
−∆
dθ1
2pi
∫
dϕ1
2pi
ξ(ϕ,ϕ1)
1
4
[
1 + 2e−i(ϕ1−ϕ
′) + e−2i(ϕ1−ϕ
′)]χ(θ1, ϕ1, q), (S.23)
where we have used τeρ0 = ~/(∆γ) in the LR limit. Solving the equation above, we obtain the most divergent
contribution in the limit q → 0, ω → 0, which is
b5 =
1
2
1
v20q
2
xyτ
2
e cos
2 θq + α2v20q
2
zτ
2
e
. (S.24)
For the Cooperon with a general θ, we replace θq by θq − θ, yielding
Cδk,δk′ =
γ
2τe
f∆(θ − θ′)e−i(ϕ−ϕ′)
4Dxyq2xy cos
2(θq − θ) +Dzq2z
, (S.25)
leading to Eq. (6) in the main text.
Conductivity correction in the SR limit
The quantum interference correction to the conductivity can be calculated by the Feynman diagrams in Fig. 2(a)
in the main text, i.e., the overall quantum correction is the sum of three Hikami-box terms
σSz = σ
S
1z + 2σ
S
2z, (S.26)
where the first term is referred to as “bare Hikami box” and the second term constitutes two “dressed Hikami boxes”,
which contribute equally. In the following, we will calculate them and show that σS2z = −(1/4)σS1z. As a result, the
final correction to the conductivity is
σSz = σ
S
1z/2. (S.27)
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Bare Hikami box in the SR limit
The quantum interference correction to the conductivity by the bare Hikami box can be calculated through
σS1z = sη
2
z
e2~
2piV 2
∑
k,k′
vzkv
z
k′G
R
kG
A
kG
R
k′G
A
k′Ck,k′
= sη2z
e2~
2piV 2
∑
k,Q
vzkv
z
Q−kG
R
kG
A
kG
R
Q−kG
A
Q−kCk,Q−k .
(S.28)
The Cooperon Ck,Q−k depends solely on Q [cf. Eq. (5) in the main text], and it diverges at Q = 0, so that the above
expression can be simplified to
σS1z = sη
2
z
e2~
2piV 2
∑
Q
Ck,Q−k
∑
k
vzkv
z
−kG
R
kG
A
kG
R
−kG
A
−k . (S.29)
We first calculate the second summation∑
k
vzkv
z
−kG
R
kG
A
kG
R
−kG
A
−k = V ρ0
∫ 2pi
0
dθ
2pi
∫ 2pi
0
dϕ
2pi
∫
dεvzkv
z
−kG
R
kG
A
kG
R
−kG
A
−k
= −(αv0)2V ρ0
∫ 2pi
0
dθ
2pi
∫ 2pi
0
dϕ
2pi
sin2 ϕ
∫
dεGRkG
A
kG
R
−kG
A
−k
= − (αv0)
2V ρ0
2
∫
dεGRkG
A
kG
R
−kG
A
−k
= − (αv0)
2V ρ0
2
∫
dε
1
(EF − ε+ i ~2τe )2
1
(EF − ω − ε− i ~2τe )2
=
(ω→0)
−2pi(αv0)2V ρ0τ3e /~3 .
(S.30)
Thus, the quantum interference correction to the conductivity reduces to
σS1z = −sη2z
e2
V ~2
(αv0)
2ρ0τ
3
e
∑
Q
γ
2
1
v20Q
2
xyτ
2
e /4 + α
2v20Q
2
zτ
2
e
= −sη2z
e2
V ~2
(αv0)
2ρ0τ
3
e
2γ
v20τ
2
e
∑
Q
1
Q2xy + 4α
2Q2z
= −4sη
2
zα
2e2
h
1
V
∑
Q
1
Q2xy + 4α
2Q2z
= −4sη
2
zα
2e2
h
1
(2pi)3
∫
d3Q
1
Q2x +Q
2
y + 4α
2Q2z
=
(Q′z=2αQz)
−2sη
2
zαe
2
h
1
(2pi)3
∫
dQxdQydQ
′
z
1
Q2x +Q
2
y +Q
′2
z
= −2sη
2
zαe
2
h
1
2pi2
∫ 1/`e
1/`φ
Q′2dQ′
Q′2
,
(S.31)
where Q′2 = Q2x +Q
2
y +Q
′
z
2
, and the cutoff of the integral is defined in terms of the mean free path `e and the phase
coherence length `φ. Finally, we obtain the correction to the conductivity by the bare Hikami box in the SR limit
σS1z = −
sη2zαe
2
pi2h
(
1
`e
− 1
`φ
). (S.32)
Dressed Hikami box in the SR limit
The dressed Hikami box correction includes two diagrams in Fig. 2(a) in the main text. They contribute equally
to the conductivity. In the following, we calculate the retarded Hikami box [second diagram in Fig. 2(a) in the main
12
text]
σS2z = sη
2
z
e2~
2piV 3
∑
k,Q,k1
vzkv
z
Q−k1G
A
kG
A
Q−k1Ck1,Q−kG
R
kG
R
k1C
0
k,k1G
R
Q−kG
R
Q−k1 . (S.33)
Inserting the bare and full Cooperon expressions into the expression above and using its divergence at Q→ 0 yields
σS2z = sη
2
z
e2~
2piV 3
∑
Q
Ck1,Q−k
∑
k,k1
vzkv
z
−k1G
A
kG
A
−k1G
R
kG
R
k1C
0
k,k1G
R
−kG
R
−k1
= sη2z
e2~
2piV
{∑
Q
Ck1,Q−k
∫
dθ
2pi
∫
dϕ
2pi
∫
ρ(ε)dε
∫
dθ1
2pi
∫
dϕ1
2pi
∫
ρ(ε1)dε1
× vzkvz−k1GAkGA−k1GRkGRk1C0k,k1GR−kGR−k1
}
= sη2z
e2~
2piV
(−α2ρ20v20γ)
1
8
( ∫
dεGAkG
R
kG
R
−k
)2∑
Q
Ck1,Q−k
=
2pisη2z
8V
e2~α2ρ20v20γτ4e
∑
Q
Ck1,Q−k
(S.34)
Inserting the Cooperon we obtain
σS2z =
sη2zα
2e2
h
1
V
∑
Q
1
Q2xy + 4α
2Q2z
= −1
4
σS2z. (S.35)
Therefore, the correction due to dressed Hikami boxes is −1/4 of the bare one. A similar calculation for the advanced
Hikami box [third diagram in Fig. 2(a) in the main text] reveals that it is generating an equivalent contribution as
the retarded one. As a result, the final quantum correction to the conductivity in the SR limit is
σSz =
1
2
σS1z = −
sη2zαe
2
2pi2h
(
1
`e
− 1
`φ
) , (S.36)
which is Eq. (7a) in the main text.
Conductivity correction in the LR limit
Similar to the SR limit, the quantum interference correction to the conductivity in the LR limit also contains two
terms, one bare Hikami box and two dressed Hikami boxes, and the overall result is
σLz = σ
L
1z + 2σ
L
2z . (S.37)
Interestingly, in the following we will find that σL2z = −(1/4)σL1z, the same relation between two terms as that in the
SR limit. As a result, the final correction to the conductivity is
σLz = σ
L
1z/2 . (S.38)
Bare Hikami box in the LR limit
In the LR limit, the quantum interference correction to the conductivity by the bare Hikami box is
σL1z = sη
2
z
e2~
2piV 2
∑
k,k′
vzkv
z
k′G
R
kG
A
kG
R
k′G
A
k′Cδk,δk′ , (S.39)
where we have inserted the Cooperon Cδk,δk′ in the LR limit, meaning the interference paths are paired in the poloidal
direction of the Fermi surface. Note that the summation is still over k,k′ in the full 3D reciprocal space. We change
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the labels of the momentum k,k′ to δk, δk′, and the scattering is confined by f∆(θ−θ′) to the phase space |θ−θ′| < ∆.
Inserting the Cooperon formula we obtain
σL1z = sη
2
z
e2~
2piV 2
∑
k
V
(2pi)3
∫
d3k′vzδkv
z
δk′G
R
δkG
A
δkG
R
δk′G
A
δk′
× f∆(θ − θ
′)
2
γe−i(ϕ−ϕ
′)
v20q
2
xyτ
2
e cos
2(θq − θ) + α2v20q2zτ2e
.
(S.40)
For the backscattering, ϕ− ϕ′ = pi, the phase factor contributes −1. The function f∆(θ − θ′) confines the scattering
states δk, δk′ in the same plane, so θq ' θ. Moreover, the Cooperon diverges as q = δk + δk′ → 0. Using these
conditions, the above expression further reduces to
σL1z = sη
2
z
e2~
2piV 2
∑
k
V
(2pi)3
∫
dθ′
∫
dϕ′
∫
dκ′κ′
k0
α
vzδkv
z
−δkG
R
δkG
A
δkG
R
−δkG
A
−δk
× f∆(θ − θ
′)
2
−γ
v20q
2
xyτ
2
e cos
2(θq − θ) + α2v20q2zτ2e
= sη2z
e2~
2piV 2
k0∆
α
∑
k
V
(2pi)3
vzδkv
z
−δkG
R
δkG
A
δkG
R
−δkG
A
−δk
×
∫
dϕ′
∫
dκ′κ′
−γ
v20q
2
xyτ
2
e + α
2v20q
2
zτ
2
e
.
(S.41)
Using G−δk = Gδk = Gk and restoring the momentum labeling by k we obtain
σL1z = sη
2
z
e2~
2piV 2
k0∆
α
∑
k
−vzk2GRk
2
GAk
2
× V
(2pi)3
∫
dϕ′
∫
dκ′κ′
−γ
v20q
2
xyτ
2
e + α
2v20q
2
zτ
2
e
.
(S.42)
The summation over the Green’s functions can be calculated in the same way as in Eq. (S.30). Inserting it into the
above expression yields
σL1z =
sη2ze
2k0α
(2pi)3~
∫
dϕ′
∫
dκ′κ′
1
q2xy + α
2q2z
. (S.43)
The function in the integral diverges at q = (qxy, qz) = 0. Transferring the integral over κ
′ to that over q, we obtain
σL1z =
sη2ze
2k0α
2
(2pi)3~
∫
dqxydqz
1
q2xy + α
2q2z
=
(q′z=αqz)
sη2ze
2k0α
(2pi)3~
∫
dqxydq
′
z
1
q2xy + q
′2
z
=
sη2ze
2k0α
(2pi)2h
∫ 1/`e
1/`φ
q′dq′
q′2
,
(S.44)
where q′2 = q2xy + q
′
z
2
and the same cutoff of the integral as that in the SR limit is adopted. Finally, we obtain
σL1z =
sη2zKαe2
(2pi)2h
ln(`φ/`e), (S.45)
where K = 2pik0 is the circumference of the nodal loop.
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Dressed Hikami box in the LR limit
Similarly to the SR limit, there are two dressed Hikami boxes contributing to the conductivity correction in the LR
limit. The contribution by the retarded dressed Hikami box in the LR limit is
σL2z = sη
2
z
e2~
2piV 3
∑
k,k′,k1
vzδkv
z
q−δk1G
A
δkG
A
q−δk1Cδk1,q−δkG
R
δkG
R
δk1C
0
δk,δk1G
R
q−δkG
R
q−δk1
= sη2z
e2~
(2pi)4
∫
dθ′
∫
dϕ′
∫
dκ′κ′
k0
α
∫
dθ
2pi
∫
dϕ
2pi
∫
ρ(ε)dε
∫
dθ1
2pi
∫
dϕ1
2pi
∫
ρ(ε1)dε
× vzδkvzq−δk1GAδkGAq−δk1Cδk1,q−δkGRδkGRδk1C0δk,δk1GRq−δkGRq−δk1
(S.46)
where q = δk1 + δk
′. The bare Cooperon C0δk,δk1 restricts k and k1 to the phase space |θ − θ1| < ∆. As ∆ → 0, it
means that θ ' θ1. The full Cooperon Cδk1,q−δk also restricts the two momentums δk1 and δk′ − δk + δk1 to the
same plane. Since we already have θ ' θ1, we now further maintain θ′ ' θ1 ' θ. As a result, we have θq ' θ, which
removes the factor cos2(θQ − θ) in the denominator of the full Cooperon in Eq. (S.25). The full Cooperon therefore
reduces to Cδk1,q−δk ' f∆(θ−θ
′)
2
γe−i(ϕ1−ϕ−pi)
v20q
2
xyτ
2
e+α
2v20q
2
zτ
2
e
. Inserting the bare and full Cooperons and using the property that
the full Cooperon diverges as q → 0 we have
σL2z = −sη2z
e2~
(2pi)2
k0
α
(αv0γ)
2
8
∫
dθ′
2pi
∫
dϕ′
2pi
∫
dκ′κ′
∫
dθ
2pi
∫
dϕ
2pi
∫
ρ(ε)dε
∫
dθ1
2pi
∫
dϕ1
2pi
∫
ρ(ε1)dε1 sinϕ sinϕ1
×GAδkGA−δk1GRδkGRδk1GR−δkGR−δk1
f∆(θ1 − θ)f∆(θ − θ′)
[
1 + 2e−i(ϕ−ϕ1) + e−2i(ϕ−ϕ1)
]
e−i(ϕ1−ϕ−pi)
v20q
2
xyτ
2
e + α
2v20q
2
zτ
2
e
= −sη2z
e2~
(2pi)2
k0
α
(αv0γ)
2
8
∆2
pi2
[ ∫ dϕ
2pi
∫
dϕ1
2pi
sinϕ sinϕ1
[
1 + 2e−i(ϕ−ϕ1) + e−2i(ϕ−ϕ1)
]
e−i(ϕ1−ϕ−pi)
]
=−1/2
×
∫
ρ(ε)dε
∫
ρ(ε1)dε1G
A
δkG
A
−δk1G
R
δkG
R
δk1G
R
−δkG
R
−δk1 ×
∫
dϕ′
2pi
∫
dκ′κ′
1
v20q
2
xyτ
2
e + α
2v20q
2
zτ
2
e
= sη2z
e2~
(2pi)3
k0
α
(αv0γ)
2
16
∆2
pi2
∫
ρ(ε)dεGAδkG
R
δkG
R
−δk
∫
ρ(ε1)dε1G
A
−δk1G
R
δk1G
R
−δk1
×
∫
dϕ′
∫
dκ′κ′
1
v20q
2
xyτ
2
e + α
2v20q
2
zτ
2
e
= sη2z
e2~
(2pi)3
k0
α
(αv0γ)
2
16
∆2
pi2
(∫
ρ(ε)dεGAδkG
R
δkG
R
−δk
)2 ∫
dϕ′
∫
dκ′κ′
1
v20q
2
xyτ
2
e + v
2
0q
2
zτ
2
e
= −sη
2
ze
2k0α
2
4(2pi)3~
∫
dqxydqz
1
q2xy + α
2q2z
= −1
4
σL1z.
(S.47)
As a result, the correction due to each of the dressed Hikami boxes is also −1/4 of the bare one, similarly to the SR
limit. The final quantum correction to the conductivity in the LR limit is
σLz =
1
2
σL1z =
sη2zKαe2
2(2pi)2h
ln(`φ/`e), (S.48)
which is Eq. (7b) in the main text.
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FIG. S.1. The cutoff of the integral over Q is the two cirlces with the radius being 1/`e and 1/`φ. Correspondingly, the cutoff
for the integral over Q⊥ can be read from it and the cutoff depends on Qz.
Magnetoconductivity in the SR limit
The full correction to the conductivity in the SR limit in the absence of magnetic field (B = 0) [cf. Eq. (S.31)] can
be rewritten as
σSz (0) = −
2sη2zα
2e2
h
1
V
∑
Q
1
Q2⊥ + 4α2Q2z
= −2sη
2
zα
2e2
h
1
(2pi)3
∫
dQz
∫
2piQ⊥dQ⊥
1
Q2⊥ + 4α2Q2z
= −sη
2
zα
2e2
(2pi)2h
∫
dQz
∫
dQ2⊥
Q2⊥ + 4α2Q2z
= − sη
2
zαe
2
2(2pi)2h
∫
dQ′z
∫
dQ2⊥
Q2⊥ +Q′z
2
, (S.49)
where Q⊥ = Qxy is the momentum component perpendicular to the magnetic field in the z-direction. The magnetic
field introduces dephasing to the quantum interference, thus suppressing the quantum correction to the conductivity
and leads to finite magnetoconductivity. This can be explained by Landau-level quantization of the quantum states,
imposing the quantization condition to Q⊥ perpendicular to B as
Q2⊥ → Q2n = (n+
1
2
)
4eB
~
= (n+
1
2
)
1
`2B
. (S.50)
In the calculation, we adopted the cutoff of the 3D momentum Q′ =
√
Q2⊥ +Q′z
2 in the integral in terms of `e and `φ.
In order to recover the result for B = 0, here we also use the same cutoff. As a result, the cutoff of Q⊥ is a function
of Q′z. When Q
′
z lies in the region a and b in Fig. S.1, Q⊥ has different kinds of cutoff, which is summarized below
Q′2 = Q2⊥ +Q
′
z
2
Q′2max = 1/`
2
e, Q
′2
min = 1/`
2
φ
(a) |Q′z| ∈ (1/`φ, 1/`e) : Q2⊥ ∈ (0, 1/`2e −Q′z2)
nmax = `
2
B/`
2
e −Q′z2`2B
nmin = 0
(b) |Q′z| ∈ (0, 1/`φ) : Q2⊥ ∈ (1/`2φ −Q′z2, 1/`2e −Q′z2)
nmax = `
2
B/`
2
e −Q′z2`2B
nmin = `
2
B/`
2
φ −Q′z2`2B
. (S.51)
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We use the Dirac delta function to rewrite Eq. (S.49) with finite B as
σSz (B) = −
sη2zαe
2
2(2pi)2h
{
2
∫ 1/`φ
0
dQ′z
∑
n
∫ 1/`2e−Q′z2
1/`2φ−Q′z2
dQ2⊥
Q2⊥ +Q′z
2 δ
[
(n+
1
2
)− `2BQ2⊥
]
+ 2
∫ 1/`e
1/`φ
dQ′z
∑
n
∫ 1/`2e−Q′z2
0
dQ2⊥
Q2⊥ +Q′z
2 δ
[
(n+
1
2
)− `2BQ2⊥
]}
= − sη
2
zαe
2
2(2pi)2h
{
2
∫ 1/`φ
0
dQ′z
`2B/`
2
e−`2BQ′z2∑
n=`2B/`
2
φ−`2BQ′z2
1
n+ 12 + `
2
BQ
′
z
2
+ 2
∫ 1/`e
1/`φ
dQ′z
`2B/`
2
e−`2BQ′z2∑
n=0
1
n+ 12 + `
2
BQ
′
z
2
}
.
(S.52)
Using the property of the digamma function Ψ(x):
Ψ(x+N)−Ψ(x) =
N−1∑
n=0
1
x+ n
, (S.53)
the magnetoconductivity reduces to
σSz (B) = −
sη2zαe
2
(2pi)2h
[
Ψ(`2B/`
2
e +
1
2
)/`e −Ψ(`2B/`2φ +
1
2
)/`φ −
∫ 1/`e
1/`φ
dxΨ(`2Bx
2 +
1
2
)
]
, (S.54)
which is Eq. (8a) in the main text. In the zero field limit B → 0, `B → ∞, using Ψ(x + 12 ) ' lnx for x → ∞, the
above expression reduces to
σSz (B = 0) = −
sη2zαe
2
2pi2h
(
1
`e
− 1
`φ
), (S.55)
which is Eq. (7a) in the main text. The magnetoconductivity is defined as δσS(B) ≡ σSz (B) − σSz (0), which can be
probed in experiments.
Magnetoconductivity in the LR limit
Note that the interference loops in the LR limit are confined within various planes parallel to the z-axis, so that
electrons cannot feel any flux when the external magnetic flux is in the z-direction. Therefore, here, we impose a
magnetic field in the x-direction. In this case, electrons in different interference loops feel a different enclosed flux.
For the plane denoted by θ, the component of the magnetic field perpendicular to the plane is B(θ) = B sin θ. In the
θ-plane, the Hamiltonian for the 2D subsystem is
H2D = ~v0(δkxyσx + αδkzσy), (S.56)
which contains an anisotropic factor α. In the presence of a magnetic field, the Hamiltonian in real space becomes
(for simplicity, we set the two directions of δkxy and δkz to the x1 and the y1 axes)
H2D = ~v0
[
(−i∂x1 − eBy1/~)σx + α(−i∂y1)σy
]
. (S.57)
When α = 1, the quantization condition for the Cooperon is q2x1 + q
2
y1 = (n+
1
2 )
4e|B(θ)|
~ . For the anisotropic case, by
performing the substitution x1 → x˜/
√
α, y1 →
√
αy˜, the Hamiltonian reduces to
H˜2D =
√
α~v0
[
(−i∂x˜ − eBy˜/~)σx + (−i∂y˜)σy
]
. (S.58)
For this isotropic Dirac Hamiltonian, the quantization condition is
q˜2x + q˜
2
y = (n+
1
2
)
4e|B(θ)|
~
. (S.59)
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Performing the inverse substitution q˜x → qx1/
√
α, q˜y →
√
αqy1 then we obtain the quantization condition for the
momentum
q2x1 + α
2q2y1 = (n+
1
2
)
4αe|B(θ)|
~
. (S.60)
We can rewrite the expression in the initial coordinates system
q′2 = q2xy + α
2q2z = (n+
1
2
)
4αe|B(θ)|
~
= (n+
1
2
)
α| sin θ|
l2B
. (S.61)
The upper and lower cutoff of the series is
q′2max = 1/`
2
e, q
′2
min = 1/`
2
φ
nmax = `
2
B/(`
2
eα| sin θ|)
nmin = `
2
B/(`
2
φα| sin θ|)
. (S.62)
Now, the magnetic field has different contributions for different 2D diffusion planes. Starting with the full correction
to the conductivity which is σL1z/2 [cf. Eq. (S.66b)] and imposing the quantization condition for q
′
σLz (B) = sη
2
z
e2~
8piV 2
k0∆
α
niu
2
0
~2v20τ2e
∑
k
vzk
2GRk
2
GAk
2 × V
(2pi)2
∑
n
∫ 1/`2e
1/`2φ
d(q′2)
q′2
δ
[
(n+
1
2
)− q′2`2B/(α| sin θ|)
]
= sη2z
e2~
8piV 2
k0∆
α
niu
2
0
~2v20τ2e
∑
k
vzk
2GRk
2
GAk
2 × V
(2pi)2
`2B/(`
2
eα| sin θ|)∑
n=`2B/(`
2
φα| sin θ|)
1
n+ 12
= sη2z
e2~
8piV 2
k0∆
α
niu
2
0
~2v20τ2e
∑
k
vzk
2GRk
2
GAk
2 × V
(2pi)2
[
Ψ(
`2B
`2eα| sin θ|
+
1
2
)−Ψ( `
2
B
`2φα| sin θ|
+
1
2
)
]
, (S.63)
then we obtain
σLz (B) =
sη2zKαe2
16pi2h
∫ 2pi
0
dθ
2pi
[
Ψ(
`2B
`2eα| sin θ|
+
1
2
)−Ψ( `
2
B
`2φα| sin θ|
+
1
2
)
]
, (S.64)
which is Eq. (8b) in the main text. As B → 0, `B →∞, the above result reduces to
σLz (B = 0) =
sη2zKαe2
2(2pi)2h
ln(`φ/`e) , (S.65)
which recovers the zero-field result Eq. (7b) in the main text. The magnetoconductivity is defined in the same way
as in the SR limit as δσL(B) ≡ σLz (B)− σLz (0).
Effects of finite temperature, spin-orbit coupling, electron-electron interaction, tilting of the nodal line, and
Berry curvature
Here we discuss possible extensions of our theory that include other effects on the transport property, including
finite temperature, spin-orbit coupling, electron-electron interaction, tilted nodal line, and Berry curvature.
(1) Temperature dependence of the conductivity. At sufficiently low temperatures in the measurement of the
WL effect, the temperature dependence of the quantum correction to the conductivity mainly arises from the
variation of the phase coherence length `φ. Electron-electron and electron-phonon interaction are two dominant
decoherence mechanisms. Both scenarios result in a temperature dependence of the coherence length as `φ = CT
−p/2
with different coefficients C [3]. In 3D, p = 3/2 (p = 3) for the electron-electron (electron-phonon) interaction-induced
decoherence. At low temperature, the electron-electron interaction dominates the decoherence effect [60], so that by
inserting `φ = CT
−3/4 into Eqs. (7a) and (7b) in the main text, we obtain the temperature dependent quantum
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correction to the conductivity
σSz = −
sη2zαe
2
2pi2h
(
1
`e
− T
3/4
C
), (S.66a)
σLz =
sη2zKαe2
2(2pi)2h
ln[C/(`eT
3/4)], (S.66b)
(2) Spin-orbit coupling. The model in our work is a two-band model with spin degeneracy, which is the case for most
nodal line semimetals. In these materials, spin-orbit coupling is a small perturbation and will not modify the band
structure, i.e., the real spin and pseudo-spin are decoupled. We also assume that the overall effect due to spin-orbit
coupling results solely in spin relaxation, and will not change the interference trajectory determined by the disorder
in both limiting cases. In this case, the effect of spin-orbit coupling on our predicted WL/WAL can be analyzed in a
similar way to that employed in conventional metals: the Cooperon contains spin-resolved structure factors, which
can be diagonalized into one singlet and three triplet channels [3]. Without spin-orbit coupling, the singlet channel
contributes −1/2 of the quantum correction to the conductivity while each of the triplet channels contributes a
factor 1/2 such that all together the triplet channels contribute 3/2. Therefore, the overall factor of the correction
is 1 and is equivalent to summing over each spin channel individually (as reported in our main text). The impact
of spin-orbit coupling is to suppress the triplet channels while the singlet channel contribution remains unaffected,
because spin-orbit coupling does not break time-reversal symmetry. Taking the spin-orbit coupling sufficiently strong,
such that the spin-relaxation time is much smaller than the phase coherence time, τso  τφ, the triplet channels will
be completely suppressed and will not contribute to the quantum correction. As a result, the overall factor of the
correction to the conductivity becomes −1/2, which results in a sign change as well as a reduction of the magnitude
(with respect to our reported result). Applying this contribution to our results, we expect that as the strength of the
spin-orbit coupling increases, the system will undergo a crossover from 3D WL to 3D WAL in the SR limit and from 2D
WAL to 2D WL in the LR limit. Such crossover behaviors can be revealed by the magnetoconductivity measurements.
(3) Electron-electron interaction. The consequences of electron-electron interaction can be classified into two
categories [3]: (i) decoherence and (ii) Altshuler-Aronov effect [61]. In the following, we discuss both effects:
(i) The interaction between electrons is an inelastic process that destroys their phase coherence after a char-
acteristic time, i.e., it leads to decoherence. Each electron moves through electronic density fluctuations induced
by other electrons, in similitude to a fluctuating electromagnetic field that dephases the coherent trajectories of
moving electrons. As a result, the phase coherence length `φ becomes temperature-dependent. This effect is
included in the quantum correction to the conductivity [Eqs. (7a), (7b) in the main text], and can be measured in
magnetoconductivity signals [Eqs. (8a), (8b) in the main text].
(ii) The second consequence of interaction is the localization-like behavior due to the interplay between electron-
electron interaction and disorder scattering (known as the Altshuler-Aronov effect [61]). The diffusive motion of
electrons enhances the interaction effect and causes a change of the density of states as well as a change to the
conductivity around the Fermi level [3]. For conventional metals and Weyl semimetals, the change in conductivity
is of the same order of magnitude as the WL/WAL correction, but its origin and nature are quite different. In
particular, the interaction-induced conductivity correction (Altshuler-Aronov effect) weakly depends on the magnetic
field, compared with the WL/WAL corrections. Based on its different origin, the usual way to extract the former
correction is to measure the temperature dependence of the conductivity alongside quenching the latter quantum
correction by applying a magnetic field. An interesting point for the interaction correction to the conductivity is
that its temperature dependence also shows the dimensionality effect, similar to our results for the WL/WAL effect.
Therefore, one can expect different temperature dependence of the interaction correction to the conductivity in
different types of impurity potentials.
(4) Tilting of the nodal line. The tilting of the nodal line may lead to two main effects, the tilting of the
band dispersion in the transverse directions of the nodal line [62] and the finite dispersion along the nodal line
[63, 64]. The effects of such tilts on the quantum correction to the conductivity can be analyzed through symmetry
arguments. When the tilting breaks T1 symmetry, it will suppress the 3D WL effect; similarly, when the tilting breaks
T2 symmetry, it will suppress the 2D WAL effect. The T1 or T2 symmetry-breaking can be regarded as dephasing
effects, that suppress the quantum correction to the conductivity. To be specific, when only the former tilting exists,
the T2 symmetry is broken while the T1 symmetry remains. As a result, the 2D WAL is suppressed while the 3D WL
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survives. For the second kind of tilting, finite dispersion is introduced along the nodal line, which may or may not
break T1 symmetry, i.e., depending on the details on the tilting it can suppress the 3D WL. When both T1 and T2
symmetries are broken, both the WL and WAL effects are suppressed. Such a symmetry analysis should be combined
with the consideration of the dominant quantum interference processes in both limits of the impurity potential in
order to generalize our results to these perturbations.
(5) Quantum anomaly and Berry curvature effect. The quantum anomaly in the nodal line semimetal is a
parity anomaly [65, 66], which is different from the chiral anomaly in Weyl/Dirac semimetals. The chiral anomaly
in Weyl/Dirac semimetals manifests itself in negative magnetoresistivity. The parity anomaly in the nodal line
semimetal is predicted to induce anomalous transverse current, but there is no magnetoresistivity expected [65].
Aside from the chiral anomaly in Weyl/Dirac semimetals, classical negative magnetoresistivity may also be induced
by a Berry curvature effect [67, 68]. Such an effect has yet to be explored in nodal line semimetals. Different from
the WL/WAL effect, such a classical magnetoresistivity possesses a B2-dependence of the magnetic field, and will be
overwhelmed by the 3D WL (∼ √B) or 2D WAL (∼ lnB) effects in the weak-field limit. Moreover, such a classical
effect is not sensitive to temperature, which is another distinction compared with the WL and WAL effects. Based on
the observation above, we conclude that: (i) At low temperatures, the WL/WAL effects and classical Berry curvature
effect dominate the magnetoconductivity in the weak and strong magnetic field limits, respectively. (ii) At high
temperature, the WL/WAL correction is quenched and the Berry curvature effect dominate the magnetoconductivity.
Therefore, the WL/WAL and Berry curvature contribution to the magnetoconductivity can be distinguished by both
their magnetic field and temperature dependence.
